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TECHNICAL NOTE 3009

VELOCTTY POTENTTAL AND ATR FORCES
ASSOCIATED WITH A TRIANGULAR WING IN SUPERSONIC FLOW,
WITH SUBSONIC LEADING EDGES, AND DEFORMING HARMONICALLY
ACCORDING TO A GENERAL QUADRATIC EQUATION

By Charles E. Watkins and Julian H. Berman
SUMMARY

The veloclty potential for a triangular wing with subsonic leading
edges experiencing harmonic deformations in supersonic flow is treated
herein: The oscillations considered are such that the amplitude of
distortion of the wing can be represented by a general quadratic expres-
sion for a surface. The velocity potential is obtained in the form of
a povwer series in terms of the frequency of oscillation. Although only
terms appropriate for expressing the potentlial to the third power of the
frequency are presented, additional terms may be obtained if they are
desired. The materlal constitutes an extension of work given in NACA
Report 1099.

INTRODUCTION

Deslgners of supersonic aircraft are leaning more and more toward
the use of triangular plen forms for wings and control surfaces. In
order to obtaln information concerning the aeroelastic properties of
such wings, knowledge is needed of the alr forces that may act on them.

In flutter calculations for wings whose deformations can be calcu-
lated satisfactorily by simple-beam theory, the use of aerodynamic
coefficients based on harmonic pitching and translation of representa-
tive sections of nondistorting, or rigid, wings has proved reasonably
satisfactory. Simple-beam theory, however, does not as readily apply
to trianguler wings or to swept wings of small aspect ratio and for a
structural or a flutter analysls of these wings recourse must be had
to a more appropriate theory. The structural analysis would define
the structural deformations or the natural modes of the wing, and the
flutter anslysis would Involve the use of aerodynamic coefficients
related to these structural deformations or modes.
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In references 1 and 2 use 1s made of classical plate theory to
develop a method for calculating stresses and deformations of thin,
homogeneous, cantilever wings of arbitrary plan form. Results of this
method when applied to a triangular plan form indicate that aerodynamic
coefficients associated with sinusoidal distortions including deforma-
tions of the second degree in bending and camber might be useful in
flutter analyses of triangular wings, particularly if a modal-analysis
approach ig used.

In references 3 and L4 aerodynamic forces and moments on rigid tri-
angular wings harmonically oscillating in pitch and in vertical transla-
tion in supersonic flow are derived by a method of expanding the associ-
ated velocity potentials in terms of the frequency of oscillation. This
method. of expansion can also be used to derive the potentials associated
with harmonically distorting wings, provided the form of distortion is
known. This method, of course, applies to trianguler wings with both
supersonic and subsonic leading edges, but only the subsonlc-leadling-edge
case, whlch is theoretically the more difficult one, is treated herein.

The maln purpose of the present paper is, therefore, to obtain the
expanded velocity potential for a triangular wing with subsonic leading
edges undergoing general second-degree forms of harmonic distortion in
‘both spanwise and chordwise directions and to present the first few
terms of the expansion. Such & potential can be made to yileld not only
flutter coefficlents for a distorting triangular wing but also certain
steady-state and time-dependent stability derivatives.

For triangular wings with supersonic leading edges the treatment
is a straightforward procedure, since the boundary-value problem for
the velocity potential in this case cen be satisfied, as shown in refer-
ence 5, by simple distributions of sources with local strength propor-
tional to local downwash. Although this case is not directly dealt with
herein, the "sonic case,’ or the case where the Mach lines from the
vertex of the triangular wing coincide with the wing leading edges,
which can be considered as belonging to either the case of subsgsonic or
supersonic leading edges, 1s used as a check, in the limiting case, on
the results presented herein.

It is of interest to note that the circular plan form in incom-
pressible flow has been treated for the same forms of harmonic distor-
tions considered herein (ref. 6). A useful byproduct of such treat-
ments is that they furnish means by which various strip-theory approaches
for obtaining aserodynamic forces and moments for a defoiming wing, as
commonly used in flutter analyses, may be evaluated.
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SYMBOLS

constants defined in equation (L)

constants depending on Pg defined in appendix

coefficients used in equation (3) to define
. displacement of wing

constants depending on py and M

constants depending on Po

functions of ®, X, and M
root chord of wing
velocity of sound

complete elliptic Integrals of first and
gecond kinds, respectively, with modulus

Vl - 902
doublet distribution functions
reduced frequency, bw/V
free-stream Mach number, V/c
local pressure difference
distance, Vq;i- £)2 - B2(y - 1)2 - pR22

region of integration (see fig. 1)

time
free-gstream velocity

vertical velocity at surface of wing

constants associated with doublet distribution
functions depending on py and B
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X,¥ 5% rectangular coordinates attached to wing
moving in negative x-direction

Zm(x,¥,t) sinusoidal displacement of a point on wing

B =y -1

A tangent of half-apex angle of trianguler
wing

£,7 rectangular coordinates used to represent
space location of doublets in xy-plane

p density

Py = BA A

¢ disturbance-velocity potential

® freqiency of osciliations

ANALYSIS
The Boundary-Value Problem
The differential equation, referred to a rectangular coordinste

system moving forward at uniform speed V in the negative x-direction,
that mist be satisfied by the velocity potential ¢ is

s
§<§+v§>¢=g+§+§g (1)

The main governing boundary condition, that of tangential flow at the
wing surface, is

(%z% =_W(x:Y:t) = (V ‘a% + %)ZE(X)Y:t) . (2)
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where W(x,y,t) eand Zp(x,y,t) represent, respectively, the vertical
velocity (or downwash) and vertical displacement of any point (x,y,z)
of the wing. Let the amplitude of wvertical displacement of the wing be
determined by a general second-degree equation in x and y; then the

displacement of any point of the harmonically oscillating wing may be
expressed as

Zm = %% (ax + by2 + cxy + dx + ey + £) (3)

where the coefficients &, b, ¢, . . . may be considered as complex
quantities 1n order to permit the inclusion of phase differences between
the different components of the displacement. By substituting the

expression for Z, of equation (3) into equation (2), an expression
for the downwash 1s obtalned which mey be wrltten as

.

W(ny)t)

]

(a2 + BERy2 4 Cpxy + Dx + EBy + F) ()

The commonly used Mach number relation B EEVEE - 1 has been introduced
into the coefficients of the y-terms in equation (4) for convenience in
the subsequent analysis. The coefficlents A, B, C, . . . are related

to the coefficlents a, b, ¢, . . . in equation (3) in the following
manner: :

. Ve + iwe
A = ima C:laé.c_ E:_C_B___

'=§—’g’—}2' D=2aVv+ imd F =Vd + iof

Of course, for some purposes it may be more loglcal to start with a
prescribed downwash or vertlical veloclty rather thsn a prescribed
deformation.

As is usual in desling with linearized aerodynamic problems, the
veloclity 1s convenlently expressed as a sum of separate effects asso-~
clated with the different terms of the downwash expression, equation 3),
nemely
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¢';‘¢A+¢B+¢C+¢D+¢E+¢F (5)

With the potential expressed in this form attention may be directed to
the derivation of these subsidiary potentials @, @g, and so forth,

individually.

Derivation of Velocity Potential ¢

Method of solution.- The boundary-vaelue problem for each of the
subsidiary potentials in equation (5) can be satisfied by the method
discussed in reference 4 of expanding the velocity potential to any

given power v of the frequency parameter & = M%m/VB?. The procedure
for obteining any one of these potentials is essentielly the same as
that for obtaining any other. It will therefore suffice to discuss the
derivation of only one subsidiary potential, say ¢A° The observations,
pertaining to pulsating doublets, made in the following paragraph may be
helpful in the subsequent outline and discussion of the derivation.

When the potential of a doublet that is pulseting with frequency
and moving at a uniform speed V 1is expanded in terms of w, certain :
terms of the expansion are found to contain as a factor the so-called
steady-state doublet potential z/R7 (hereinafter referred to as sin-
guler terms), whereas all other terms contain factors of the type

(EVM)Qm’Eszm'5, m 2 2 (hereinafter referred to as nonsinguler terms).
Of these terms, only the singular ones contribute directly to the poten-
tial for the airfoil; nevertheless, both singular and nonsingular terms
are, in general, required to satlsfy the differential equation, equa-
tion (1), to a gilven power of @. Furthermore, when these expanded
potentials are employed in satisfying the boundary conditions, the non-
singular terms give rise to downwash that, as indicated by the fac-

tor (6/M)2m’2, 18 of higher degree in. @ than the downwash arising
from the singular terms, an observation that provided a key to the step-
by-step procedure adopted in reference L.

In this procedure the singular terms can be grouped and weighted
so that they alone satisfy the specified downwash conditions. At the
same time the downwash arising from the nonsingular terms is to be
canceled to the required power of ® by the introduction of other
doublet potentials in order to preserve the downwash conditions sat-
isfied by the singular terms. It is through this canceling process
that the nonsingular terms give rise, Indirectly, to any contributions
to the potential for the airfoil.
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The distribution functions.- In accordance with the preceding dis-
cussion, the potential under discussion can conveniently be considered
as a sum, namely

¢A=¢l+al+§l+"-. (6)

where ¢l is so treated that the singular terms contained therein_alone
can be made to satisfy the boundary conditions and the terms 51 y al’
are successively re ed to cancel the downwash arising from the non-
singular terms of @;. The term ¢l, which may be considered as a

summation of weighted doublets expanded to the vth power of @ and
integrated over the appropriate portion r (see fig. 1) of the wing
plan form, mey be written as

_ Aeiwt d v gn+l
¢1 = zl_i_)mo % ft_o ani Ll]‘(}n(gﬂ]) <= dg dn +
2v+3+(-1)"Y
i 8nm If Gy (&, m)E R 3ae an
m=2 =
)\
= 2™t 57 8 X0, (x,y) (7)
n=0
where
R = \/(x - )2 - B2y - 1) - g4
and
N - - -
) E_ﬁx_?’f_z+,,,+(_‘w] (8)
n! 2. (v - n).

_ _\am-2 , _. 1 — _\H2-n-2m |
o = L@V OB L LB (5)
(21‘]1-2)!M n. (v+2-—n-2m):
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The functions Gn(g,n) represent weighting or distribution functiodns
that are to be determined so that the first set of integrals in the
brackets in equation (7) (which, as may be noted, employ as kernels the
singular terms of the expanded doublet potential) satisfy the prescribed
downwash condition (see ref. 4 for a more detailed discussion), namely

1im (;:z_lt\) = peloty2 (10)
z—>0
Corresponding expressions for &i, ai, - - - may be written as follows:
- iwt V-2
Ae 3 (&P - g3
gy = 1im —) [/G(g,) dg an +
T z—0 92\ gég. - mi=ol R =
2v-1+(-1)"
i &nm ff Ga(e,n)g™ R et an
m=2 r
1ot f i +
= Ae - gTyjé afn_]_xn Q_G_n(x)y) (ll)
n

= 1wt o = n+5
5=ée——lima£—§ [[G(,)f*——ddTH
1 7t z)_,.Mll’ nzoanlr ng"'l R g

z—>0
2v-5+(-1)"
ZLL anm jf Go (e ,n)E™ RPN 3¢ an
m=2 T

v=U _
= Aeid)'b ; ?;;E a_nlxn'l‘ll-an(x,y) (]_2)
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where the functions Gn(t,n), Gu(t,m), - . . are to be determined so

that ¢y, ¢1, . . . yleld a downwash that will cancel the downwash
arising from the second set of integrals in the equation for ¢l, equa-
tion (7), which employ nonsingular terms as kernels. -

Since the following indentity holds (see eq. (13) of ref. 4),
v
an&nlal
n=0

it follows that the integral equations which determine successively
the distribution functions Gn, Gn, Gn, - - - (n =0, 1,2, 3, . . .)
so that the condition of tangential flow for ¢A is satisfied are as
follows:

2 n+l
2 1m :—2 ffGn(g,n)ﬁT— dg dn = AxB(xR) = Ax™2 (13)
Z T

z—>0

2 _ n+3 2
lim ’a_ ﬁ%(g:n) E,R dg¢ dn = 1lim ZT_/I%(.&}")&MJ.R dg dn
r r

2
7z—=0 dz z—>0 Oz (14)
> ﬂ= g0 = Y
Hm 2 [/ Gule,n)2w—de dn = Um ——|- = [/ Gu(t,n)e?R3de dn +
z—>0 322 T R z—>0 3z 6 T
ffﬁn(g,n)gn”% dg dn (15)
r

These integral equations may be solved by the method discussed in the
appendix of reference 4 where, in view of integration difficulties, it
is found necessary to consider not only the downwash that is to be
setisfied but also the derivatives of the downwash. This method,
though simple in principle, is rather lengthy to apply; consequently,
only the results of the solutions will be glven herein. Furthermore,
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the potentials will hereinafter be restricted to terms up to the third
power of @ (that is, v = 3). To this power of ® the distribution
functions Gp, equation (15), are not required.

Expressions for Gn and Gp are found to bé as follows:

~

[/ o 0
Go = ¢2 (Ao + A —ng)ﬁzgz - 1

G = £ ée + A3 ‘B—T‘E),/;age

(16)

[, ' ) ]
G3=§26~7+A89?23’_'A992‘3‘>\/7\2§2-112 .

Ny h: ——
§O=§2<§0+K122_’2J.2_+KEB_2_ )\252_.[]2
g 3

L —

_ & _ 22 uu ]
G = 2|(E5 Auﬁ A5B§1+>)‘2§2 2

R Ny

The coefficients Aj and Aj in these equations are functions of

P = A only, where A 1s the tangent of the half-apex angle of the
triangle (see fig. 1). These coefficients arise in the process of
solving the integral equations and are defined by systems of ilinear
algebraic equations which are given in the appendix.-

The integral equations for the distribution functions associated
with @, @c, .- . ., equation (5), are of the same general form as
those assoclated with ¢A' The main difference is that the term on
the right side of equation (13) is replaced by the term appropriate to
the downwash under congslideration. The solutions yield the following
distribution functions:
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For ¢p:

for @q:

Go = €2
Gy = €?
Gp = ge‘
Gz = £2
Gy = ¢£2
GL =2

Gy = Bng
Go = Bng
Gz = Bng
Go = Bme
Gy = BE

[/ 2 Y\ s>
@5*‘06 —-g—ﬁi +C7 B—E—) ?\2_5,2— n{l
3
Co + Cq. —-—ﬁggg}/??@ - n{l
£
[/ _ 2o ghl
Co + BTBET] +C)+B2> 25.2—“2]

— —
(Bo By 6222> h2e2 - 12
[\ £ _
— o s
<B2 + B3 —3—&?2> )\2§2 n2
B, + Bs §:_712_+ Bg i’#)ﬁeé -1
A -
<B7+BB£§E'*‘39&L> 2e2 - ‘
£ _
7 o o 4 )y ]
by = BSn = B'm ) )
+ + Bp BL )22 -
iBO 1 §2 gl* |
- o —
Bs + B Caa 22 + By catind h)\h?gz - 72
3 3 ]

>

(17)

(18)
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for ¢p:

for @g:

_EQJ
_gés
_§<]')'0
=£

Go = Bn
Gy =
Go = B1
Gz = Bn
Go=ﬁ'ﬂ
G = By

<E

NACA TN 3009

>

(19)

(20)
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and, finally, for @p:

Go

The coefficients Bj, By, Ci, Ci, -
They are defined by linear simultaneous equations given in the

following those defining Aj, Aj.

J

13

are functions of .py = BA.

appendix

Expressions for the potential.- With the use of the distribution

functions, the potentials can be written by inspection and comparisgon.
For example, from equations (7) and (11) the expression for ¢y 1in

terms of Gp and Gp is

n=0

n=0 2M°

1l =2
da = Aeiﬂﬁ;:f: a2, (x,y) + 2619t S 9——,anlxn+2§h(x,y)

(22)
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The potentials ¢Br ¢C 5 . are represented by similar expressions.
After terms have been combined with respect to o, the subsidiary poten-
tials to the third power of ® can be written in the following forms:

G = Ael®® m one + a1p2y2 - 1B (a2x3 + a5x[32y2> -
(e + asx®p22 + agptyt) + 13 (apx0 + ag3pBy2 + anBl':yJ*)](25 )
dp = Be'” m&)ﬂ + b1p%y2 - i?D'(bex3 + b3xB2Y2> -
52<b1l_xl‘ + bsx?p2y2 + b651*y”> + 165(b7x5 + bgx3pey2 & ngshy”ﬂ (24)
o = cyelot \/)\zxe__-y_éon - i5(cyx? + 0252_y2> - 52(c5x5 + can%,e) N

1 (c5xl‘ + cgxopey2 + c7[31"y1*>:]

(25)
gp = DelBt |A2x2 _ 32 @x - m(dlx2 + d232y’2> - 62(d3x3 + dhx52y2> +
izTa5<d5xlL + d§c232y2 + d7ﬁhyl*>] (26)

¢E = Eyeiwt V?\2x2 - y2 eo - i(T)elx - (_l_)2 e2x2 + e552y2> +

1 (o33 + e5x[32y2):, (27)
Fp = FlOt \H2x2 _ 2 Eo - i®fyx - a_oe<f2x2 + f3;32y2> +

153(f4x3 + f5x8 2y2>:’ (28)
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In these equations aj, bi, . . . are linear combinations of
Ay, Ay, By, By, - . . and can be further expressed as
aill
1
ai = a4 + —/—
M2
n
by
_ H
by =by + 2
Expressions for the quantities aj', &y , bi'y bj 5 - . . are given in
the appendix in terms of the quantities Aji, Ai, Bi, By, . . . . In

addition, values for these quantities for particular values of P
throughout the range O = Po S 1 are given in table I, and, for con-
venience in interpolation, they are shown plotted in figure 2. Thus,
for a glven triangular wing and a given Mach number, such that

po2 = B2 £ 1, the coefficients ai, bi, . . . £1 in equations (23)

to (28) can be assigned their numerical values with the use of table I
and figure 2.

Tt may be noted from the boundary condition, equation (4), that
the subsidiary potentials @, @, and @y are associated with motions

of rigid wings; and that the potentials ¢p and @, equations (26)
and (28), could be obtained directly from reference 4 by comparison
with the potentials denoted therein by @. and @, respectively. Also
the parameter e, in equation (27) agrees, as it should, with the param-

eter associated with constant rolling motion of a triangular wing (see,
for exemple, ref. 7).

The sonic case.- At BA =1 or A= 1/B, which is the condition
at which the Mach lines from the apex of the triangle coincide with the

leading edges of the triangle, equations (23) to (28) reduce, respectively,
to




16

Fn)grn =

() gr =

(e gpen -

f ot J 2
_ B e {175 (1x2 + p2y2) -

NACA TN 3009

315 <17x3 - 5x32y2>

-
15752 (7 + 2oM)t - (W + 120226252 - (5 - 1) B“v’;l
155925M2 [:759 + ll-OlM2>x5 - (858 + 137M2>x5[32y2 .\
(o9 + 56Me>x3u?,4]}

(29)

ZBVx? - B2 1wt ) 2 =
Bt € {175(]{2 + llBEy2> - %“;(x3 + 3x52y2) -

_2
[0))
157542 G+ D+ (s D222 - (a7 - 220)pl | 4

31185M2 [3 (33 + 230 + (66 - 23M2)xDp2y2 -

(99 - 6om2)xghyl+]} oy

2Cyvx2 - B2y2 gyt J8x _ 8id
Bt S ST 22(x2 - p2y2) -

432
1+ M2)xD - xp2y2
315M2[( ) ’323’] pp— [(66 £ 1)

(77 - 17@)x%%2 + (11 - 6M2>Buy4]} (31.)
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) _ 2D‘Jx2 - B%® elwt J2x 210)(4}{2 - BQyE> - ____KT + ll.M2>x3 -

(¢D)B%=l B Bt E3

(7 + 2M2>x52yé] +

(63 - 2)x2p22 + (9 - hMQ)B’wﬂ} (32)
Jx2 22 21x
(), ., = ZWVE" = BYT Glot 42 20% [7+5M2x2
BA=L B 5015 s )

(7 - hM?)BEyQ

- (s - hMB)xBEyE:l} (33)

_ P - gy g 1x 2)2 -
, (9 gpmy — e 1 - 90M2 Ks + M2)x

G - 282 21105;2 (74 280 - (1 - ZMQ)KBEYQJ}

Equations (29) to (34) have also been obtained by integrating the
expanded potentials of approprlate sources over the region occupied by
the wing for this case of BA = 1. They therefore serve as a check on
the results given in equations (23) to (28).

Introduction of the reduced-frequency parameter into the expressions
for the potentials.- In applications it is usually desirable to refer all
lengths to some convenient reference length on the wing and to introduce
a reduced-frequency paremeter. For this reason it may be desirable to
write the potentials In a slightly modified form. If, in the present

. case, the root chord 2b 1is chosen as a reference length and the varia-
bles x -and y 1in the potentials are employed in & new sense to mean
that they are referred to this length, the expressions for the potentials
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can be written in terms of the reduced-frequency parameter k = bw/v
as follows:

o
da = 2o(iven)elnt (BB - 52 one + 8p2y2 - 21M2k(a2x3 4 a3x32y2) -
B

ll-Ml"k2

(a.ll_x + a5x252y2 + a6Bl" h) +

81M6k5<a.7x5 + a8x5[32y2 + ang)'"yll'):l (35)

Z(opx3 + b5xp2y2) -

¥p = 2b(hb2B)ej‘Dt \/7\2x2 - y2 one + b132y2 -

M
L

(o= + box2p2y2 + b6B)+yl|'> +

81M6k3 (b XD + bgxdply2 + nga’*yh)jl (36)

dc = 2o(n7C)ye®® /322 - y2lon - igzk(clxz + cop?y2) -

W e+ )+ SR gz s )|

dp = 2b(2bD)eim+‘ V?\2x2 - y2 [ X - 21};2]&@1}(2 + d252y2> -
B

h'MLLk <d3x3 + dhx32y2> + 81M6k ((15JsclL + dgx2p2y2 + d-(B)"Yl")J (38)
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2 2
g = Zb(ZbE)yeiwt VA2x2 - y2Eo - 2':; = e1x - lﬁtk (eexg + e332Y2) +

81:?‘3 (en + e5x52y2)J (39)

2 2
gp = 2b(F)el®® V242 - y2 EO - 2:2 - fix - hﬁk <f2x2 + f}BEYQ) +

81M5k3(?4x3 + f5x52y2§] )

(It is to be noted in these equations that the expressions within the
first parentheses in each equation, namely those containing the coeffi-
cients 4, B, C, . . ., are expressions for downwash and hence possess
the dimensions of velocity.)

REMARKS AND DISCUSSION

The local force (positive downward) or pressure difference Ap
between the upper and lower surface at any point (x,y) on the wing is,
in terms of nondimensional coordinates,

2p<2b at (412)

or, for the oscillating case under consideration,

Ap—-%‘ia+21k¢ (h1b)
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By substituting the potentials given by equations (35) to (40) into
these expressions, the pressure distributions can then be found for the
types of motions or downwash considered in this paper. It should be
pointed out that the expressions for potentials -developed herein for a
trianguler wing can be used to calculate local pressures on certain
other plan forms, as indicated in reference 4, which can be formed from
the triangular wing by cutting the trailing edges in such a way that
they lie ahead of Mach lines emanating from all points of the tralling

edges .

The pressure distributions obtained in this way can then be inte-
grated to obtain the desired spanwise distributions of the 1ift and
moment, as well as any integrated quantities which may be of interest
in the structural analysis of the given wing. For instance, in a modal
analysis, for which the results of this paper would be particularly
useful, the aerodynamic forces usually enter in the form of integrals
over the wing of the product of local pressure difference and the local
distortion in a given mode, these integrals representing virtual work
done by the aerodynamic forces. The virtual-work integrals arising
from any or all of the potentials presented in the foregoing analysis
can be easily reduced to involve only integrations of functions of the

form *2(x2 - a2)*l/2 and can therefore be readily evaluated. It is
recognized that, 1f the wing root is -considered to be rigldly fixed,
some of the displacement terms considered herein will not satisfy
boundary conditions at the wing root for either plate or beam theory.
If, however, such terms are useful in approximating a known mode.shape,
these types of disparities mey be overlooked with the interpretatlion
that they imply large stresses at the wing root especially since with
triangular wings such stresses are known to exist.

Inasmich as the types of Integrals required vary for different
methods of aeroelastic analysis (depending on whether the theory for a
simple beam or that for a more refined representative structure is used)
and, inasmuch as the limits of these integrals depend on the exact plan
form, further manipulations employing equations .(41) to obtain some form
of force and moment coefficients are not presented herein. However, in
order to illustrate the results obtainable by the method of this paper,
the spanwise variations of the unsteady-1ift derivatives associated with
parabolic bending (obtained from ¢p) are shown in figure 3 for a
45° delte wing undergoing parasbolic bending at k = 0.1 and at a Mach
number of 1.2. These results may be used to give some indication of
the way coefficients based on the true downwash conditions for the
distorting wing compare with those obtainable by a simple strip-theory
analysis based on the coefficients associated with rigid-wing motions.
In order to effect such a comparison, the results of multiplying the
1ift derivatives associated with translation (obtained from ¢F) by the
ordinstes of the assumed parsbolic mode shape (y2) are also shown in
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figure 3 for the same value of k and M. The main features to note
in this comparison are the differences in megnitude of 1ift at the wing
root and at the points of maximum 1ift. These differences are, of:
course, associated with induced effects due to bending. In order to
determine the nature of these induced effects on calculated flutter
speeds, further investigations are required.

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
" Langley Field, Va., June 4, 1953.
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APPENDIX
COEFFICIENTS ASSOCIATED WITH THE VELOCITY POTENTIAL

This appendix contains definitions of the coefficients that have
arisen in the foregoing analysis.

The coefficients denoted by Aj, Aj, Bi, By, . . . in equations (16)

to (21) of the body of this paper are defined by systems of linear alge~-
braic equations which arise in the process employed for solving the
integral equations involved. These algebraic equations are listed sub-
sequently; however, they in turn involve.a set of cumbersome coefficients

that are denoted by Wp p and W5 . These coefficients are defined as
J

follows:

Application of the transformations (see appendix of ref. k)

9 -
N = Bx( o)

1 - 22
_ x(1 - p@08)
1 - p2¢2
e:X

X
g =1
3

to the integral equations (and certain derivatives thereof) which define
the distribution functions (see egs. (13) and (14) for @p) results in
the definitions



-
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2 N om B g2 cosh~12
Wng - (n + 2)B f A o do lim ,a_p___ f N NHG‘!- -
ztx'n - 0

A (- [320:2)5/2 8—>0 99

n+l
cosh T cosh T ar

' -1¢
=p _ g2 A A2 g2 3P peosh™mg n+l
i B A -9 45 1im (q- N cosh 7 2q -
n,m 1 q q
x> -N Y1 - 320'2 8—>0 aep 0

(n + 4)N cosh -r:lsinhz—r ar

(Unless m and p are either both even or both odd, Wg,m and Wg,m
vanish owing to symmetry.)

With F' and E' denoting complete elliptic integrals of the
first and second kinds, respectively, with modulus V1 - poz, explicit
valu_e-s of Wg,m and W_g,m required to write the equations for Ai, Aj,
By, Bi, - . . are

=E‘

0 1 o) Npt
)

e R R GREYL]
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ngo = ——l—— K5002 - 3DOII'>F' + <2 - 10p02 + 6p0)+>Ezl

W%,l = -—l——elz(pc,2 + poh)F' + (2 - 2p02 + 2pol‘>EI|
(1 - °o2>
2
P
Wg,e = ;:—1; Wg,o

Wg’a = ———]'—-—2-[§5p0lL - 3p02)F' + (6 - 10002 + 2poh>EZl
(l - po?)

6(1 - p02)

65‘”oh - 21”’06){'

(l - 902)

w%,l = ——1'—3 (3006 - 9ot - 2p02>F' + <l‘ - 5002 + 15p5* - 6p 06)EZI
2(1 - 002) ~
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: 2
Wi, o= —2F 5 @302 - 90" )" - (2 - T2 - 3p01">E]
-
0 p02

WS,p = —1——3(@’06 + 900" - 3002)F" + (6 - 15052 + 50" - 1'LF’06>E_'-]
(r - Po2)

2
1 PO~ 3
W =9 _y
353 3,1
254

Wg,B = —l‘__lz(le"o2 - 3105* + 270, O)F" + (24 - 6500° +
- ‘302)3

L 6Y. 1

Wﬁ,o - __l_IK56pO2 - 92pgt + 7206 - 20p08>F’ + (8 - 117p52 +
8 - 0p?)

202p0lL - ll+9po6 + l|0p08>Ez|

2
Wl%,o = —EP-—T l§.7002 - 2p01‘ + p06)F' - (h + 18p,2 - 890”’ + 2906)EZI
2(1 - py2)
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Wllt, o __3_Bu___ (8p02 + 8p01*>F' - (l + :lepo2 + p&*)E]

) k
CEE)
2(1 - p02>

3890h - 29906 + 8008>Ez]

Wi,l = _ig___@)oe - ]_8pol* + pOG)F' - (2 - lOpO2 - lOpol" + 2p06)EZI

(T - po2
2
0 Po 2
W =2 _V
4,2 lQBh 4,0
2 ) 1 2
2(1 - p02> :

2p01* - 15p06 + hpOS)E]

3 382

(1 - f302>lL

Kpoe - ?_‘polL + 17p06>F' - (2 - 8p02 + l8pol+ + ltpo6>E_'—J

1 902
Wi ,3 = — W 4
3] 6Bh 2,
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WL?J ———-———l:(lé‘po 42p01* + 72p06 + 6p08>F + (eh - 87p02 +
- o)’
]_lll-polL - l5p06 + 12p08>E]
L
Q Po" 4
W)'l':l" = —-—8' Wll- 0
2hp
leblt - ° n Kpou - 2000 + 17908>F' - (2"02 - Bpg* + 18005 +
2p2(1 - 002)
lbp08>E]
wllt,h = ‘__5__1‘;@56908 - 92906 + 72901* - 20F>02)Fl + (11—0 - J_1+9p02 +
@ - po?)
202p0lL - ll7po6 + 8p08>E]
Wg,o = 5 l}OOpo - 833430lL + 991+p06 - 553008 + 120p01°)F +
ko(L - 902>
(ho - 859p02 + l9lOpolL - 211_5p06 + 1136p08 - 240p010>EIJ
2
W%,o = ——B-———Klbpoz - 2001* + 19006 - hp08>F' - (20 + 151p02 -

2(t - eo?)”

Thogh + 39940 - 8908>E':|
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W o = —3L5K55002 + Thogh - 0 8" - (5 + 108p,2 + 170 - 2006>Ezl
e

W%,l = _1_5 Keopolo - 9lp08 + l5l|-p06 - 203p0l" - 8002>F' +
8(X - 052

2
W%,l = —-ﬁ—slihpoe - 131s301F + 2906 - BQOB)F' - (8 - 53p42 -
2(1 - p02>

108p0lF + 31p06 - 6p08>E':|

4
W3,y = R 5 K’oa - Thog* - 55p,%)F" - (2 - 1py? - 108p" - 5"06)EZ|

WO 902 )
= W
5}2 mB)-P 5’0
1 .
Wg’g = Efipolo - 35008 + JJ.QpO6 + lp9pol* - 6002>F +
2(1 - 902>
(12 - 47p,2 - 22p - 1270,0 + 720,8 - l6p01°)E']
2

@ - 902)5

10800 + 53000 - 8p0'8>E]
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1
V5,3

V5,3

"W,y

2
W5, 0

)
W5, L

2

p
=_O__'W'3

= ——3——K6pol° - k90,8 - 1120,6 + 35pt - 8o D' +
2(1 - p02)5

<l6 - T2002 + 127pg* + 22005 + k7eqB - 129010>E]

2
__ % I@poa - 19pg* + 2006 - 1150,8)F" - (8 - 3902 +

oot - 151000 - 20p08>E']

I

-

: 1 K3po)+ - 2p06 + l3lp08 - ll_po:l.O)F' - (6p02 -
282(1 - 902>5

31pgt + 108pp® + 53058 - 8pol°>Ez|
-2 KBpolo + 203908 - 151m06 + 9lpgt - 20p02)F' +
@ - o2y’

(ho - 187p02 + 3&2;301" - 323po6 + l6p08 - l6polo>Ej
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3 Po .5

W5:5 BN W5,5
2B

Wg,s = '——3—5-|E(120p02 - 553pg* + 99kpg® - 83308 + mopolo>F: +
@ - pp?)
(240 - 1136042 + 211500"* - 1910056 + 859948 - uopolo>E]

1 2nt T
"_18,0 = ——<po Fo- 002E>

2(1 - p02)

— 2 , :
Wc2),o = B po2(002F -B")

2
6(1 - py2)
— .2
W0~ Y20
2
P
=1 0" .2
I,1 = 5 V2,0
2B

241 - py
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2(1 - oy7)

ITle,o = : ) [590 + 3904>F (l + 7P 2>E]

2(1 - 0o?)

ﬁlgl',g = - ——ﬁ—B-KBpoz - Togh + l2po6>F' - (6 - 17pg2 + l9poh>E]
@ - 902>

0= - - n K60p02 - oo + Wigg6 - 1208)F" - (1072 -
120(1 - py2)

126p0"L + 9lp06 - 2#008>E]

W0 = - _E—E[35°o + hog* + pS)F" - (6 + bpo? - bog" + 2000) j

6(1 - 002)
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ﬁ%,l = ——l—l; ,E.’?polL - 2p06 + pOB)F' - <4p02 + 18p01* - 8p06 + 2p08>EZ|

W,1=- —‘LTKEDOE - bhog* - 6p00)F" - (b - 21092 - Shpgt + 3"06>E]

2(1 - pp2)
4
"72,1 = - _B_IKPOZ - Bhpgt - 15906>F' - (2 - 1202 - 38‘301%]
Q- Po2)
T’g,e =" - L @59& + koo - pB)r" - (3800 + 12005 - 2908>E]
12082(1 - py?)
We =-——l—|:60”+Mp6-208F'+ 3p02 - 3hogt -
5,2 5 - )" (600 0 o)F' + (300 0
21050 + lL"o8>]‘33,
_ﬁ);,e = - wﬁ,Q
4
— P
W35 = Ei—sswﬁ,o

T 1 L 6 8V - -
Wg 5 = M K)O + 1hpy® + 330, )F <2p02 6p0)-l- +
2(1 - p02

1l-6po6 + 6p08>E':l
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2

53

5= - _§__~_K12p02 - kot + Wipo6 - 60p B)F' - (2h - 91py2 +

The necessary equations for As, Aj, Bi, Bi, - - -

G-ed'

1260, - 107p06)E]

WE  and WE , as follows:
J ]

For ¢A:
-
AOW%,O + Alﬂaﬂg’e =1 &
2 2
A.0W2,o + AlBEWZ,Q =0 ]
~
Azwg,o + A5B2w%,2 =1
>
2 2 -
ANS o + AzpHE o = 0 |

I\
-

0 k0
+ AWl p + AgB Wi}

+ AP 5+ A6BhW12;,1, _

+ Asﬂ%ﬁ,z * A634“ﬁ,u =

l
O

+ AghH o + AgBhS ) =2

+ A852W§,é + A9B”W§,u =0

\
o
'

+ Asﬁzwg,e + A9Bh“l§,4 =0

are, in terms of



3k

Ko“ﬁ,o + Klﬁawﬁ,e + Kaﬁuwﬁ,h = AO_ﬁca),o

AWE o + KlBBWE,z + Kaﬁhwﬁ,h = Ao‘_‘%,o

K0"’1‘:,0 + Klﬁa”lﬁ,a + Kzﬂl"”’ﬁ,u = Aoﬁlé,o

A0,0 + M o + BBWE ) = A5
T gl ry 2 N 2

RS o + MptE o + AspME ) = A5 o
Rits o + Byt o + Bspig ), = A o

for @zt

Bo“g,o + Blﬁa"%,e =0

2 2 _ a2
Boiia,0 + Blsawz’ 5 =28

2 2 _ a2
BJTS o + 13352»13’2 =28

~

+ A P2 2T

+
™
..—l
™
w5
™
v
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-

B30 + g8 o + BgpWS ) = 0

2 2 2 2
BIS o + BES 5 + ByBd ) = 0 |
Eo"’?p,o + 5132“?;,2 + ﬁeﬁh“i,u = Boﬁg,o
- ~ 22 S 2
Bo¥y,0 + Blﬁawu,z + BoB W ) = BoWp o
Bowt,o + Blﬁzwt,z + Beﬁuwt,h = Bo¥z o

B WO + E)_I_Bawg,z + §5B)+Wg,)+ = Beﬁg’o
BWE o + B,p2W2 , + Bephi2 |, = B2
3"5,0 LP W5,2 5P "5,L 2"3,0

53“%,0 + ELBQW%,Q + Eés“w“,h = Bzﬁ%’o

for @g
CoWJé,l =1
ClW:BL,l + 02B2w]3',3 =1
>
) )
ClWB,l + 0252"’3,3 =0

1 1 _
Caily 1 + cma,zwqb3 =1

>
CBWi,l + Cyp Wi,B =0

-/

vV
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C5W%: C6BEW%,5 + CTBLW%,5 = iw
Csi3,1 + Cgp 3,5 + CB"W2 5 = 0 ¢
051@,1 + CgBZWg,s + C'(Bhwgﬁ =0
Gk, 1 + CupfE 5 = Cofy 1
50“2,1 + 5182‘4)2,3 = Coﬁg,l
~
czwé, 3Ban,3 + ELBLFW% 5= Cy 3, + 0B aﬁl

"

clﬁg,l + CQB%;E:3 g

Cy#3,1 + C853 5

EQW%’]_ + Ejﬁewg,j + ahﬁllngs

"

+

5 4 GapBW2 » + Gptud
T3,y + C5p W 5 + Ty W3 5

5)

for ¢D=
Do¥P,0 = 1

’j
Dlwg,o + DMWY , =1

S

13_1‘“’20*’]32‘32"722'0J
5Wg’0 + DuBawg’a 1 >
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Dy o + DgpPY o + D ) = 1
DWE o + DB 5 + D7BhWE’4 =0
Dswﬁ,o + D632Wﬁ,2 + D7Bhwﬁ,u =

Dowg + Dlsawg,2 =D

°

Dzwﬁ,o + D352wﬁ,2 + ﬁﬁsuwﬁ’h =DM * Deﬂgﬁg,z
for @g:
EOW%,l =1
1
EpWg, =1
E s -+ + BxpoWE » = iw
23,1 + Bzf Wz 5 = '
3 3
B3,1 + Esp W3 5 = O
. ~
EuWi’l + E532W4’3 =1
.
3 3 _
BV o+ E552WL,3 =0

37




38

-~ _1 — 1 _ _
EOWB,]. + ElB2W3’3 = Eow%,l

B2 L F %3 . 3
Ew +E152W§,3 = EW |

0"3,1
Bl o Fell o
By 1 + E332Wl+,3 =B,
= = -
anf,l + EBBEWE’ 5 =B,

for ¢F:

Fo”’g,o =1
Flwch),o =1

0 0

o 2
FoW5 0 + FBBa"a,e =

( © o)

m50 + E% , - 1}

2 2 _
FyWE o + F5BEWB’2 =0

F0“8,0 + Flﬁawg,e

i
=
(o]
S
-
o

= 5 F g2 _ .o
F0W2,0+F132w2,2 Fo'.0
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= 42 = 22 o2
FS o+ F582W3’2 W

The coefficients a;', a;', by', by,

'sions for the velocity potential (eqs. (23)

terms of Ay, Ay, By, By, - - . as follows:
T "o
gg = Ag gg =0
a.]_l = A al" =0
ap =Ap - Ao ag" =0
v n _
8.5 = Al - A3 8.3 =0
A
v AO )-l- LU
g ety W=
A A5
] 1 no_
35 = —=— - A3 + ? 8.5 = -
Ag "
1
ag = — as = -
6 5 6

39

used in the expres-
to (28)) are defined in

L,
)

Yk - 13)
1& - &)

(2 - B5)




i n I
© O o

S

- - -
N

@ ¥

o=

Co

Gs)

NACA TN 3009



3Z

NACA TN 3009
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' =D - D
dp' = -Dp
D
d5'=§Q-Dl+
' Dy,
dy = -Dp + —
1 D0 Dy
== - = +
% 6 2
1 Do Dy
R
D
- 7
1 7%
e’ =Ep
el'=Eo-El
E
€o —-—20--El+
, E
es =—22
v _Eo _ Ey
e = M - —
4 G 2+
, Bz E

-

o+
Ot:’I

-
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=T

i

-
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TABLE I.- CQEFFICIENTS IN THE EXPRESSIONS FOR THE VELOCITY POTENTTAL - Continued
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TABLE I.- COEFFICIFNTS IN THE EXPRFSSICRS FOR THE VELOCITY POTENTIAL - Concluded

gt

pO eol ell °2' 35' e,-‘.l 05' een 031‘! eh_" 95“
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. B9kl .1e61 .00T83 . 5 - .000660 009792 .0LT -.0654G .00975 -.018%9
-L2262 8593 1514 .01520 -0%30% .000h0P .009822 .02864 -.06072 .01260 - 02087
50000 8e57 1705 02201 .0334h .001712 00499 .03133 - . 05641 .01h50 -.02203
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.6h279 L7660 L1643 .033hT 02551 .00k 302 .008560 .03LeT -.0kg2h 01802 -.02304
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.T6604% .T178 .20%6 04085 02055 006305 00768 L0353 -.0h58Y .01971 -.02088
81915 .658p L2088 .04338 .01880 007060 .00T26S oL ) -.0h173 02022 -.02261
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Figure 1.~ Sketch illustrating coordinate system.
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